, ζp a primitive p-th root of unity, G = C 2 , where p is an odd (rational) prime so that h + p = 1 and 2 is inert in K/Q. We show that, under these hypotheses, this calculation reduces to computing a quotient ring of a polynomial ring; we do the computations obtaining for several primes p a nontrivial divisor of Cl (Z[ζp]C 2 ). These calculations give an alternative proof that the fields Q(ζp) for p=11, 13, 19, 29, 37, 53, 59, and 61 are not HilbertSpeiser.
Introduction and background on Swan modules
For an algebraic number field K we denote by O K its ring of algebraic integers. Let K = Q(ζ p ) where p is an odd prime and ζ p is a primitive pth root of unity. It is well known that O K is Z[ζ p ]. Consider the group ring Z[ζ p ]C 2 , where C 2 is the group of order 2. In this paper we indicate how to compute the Swan subgroup, T (Z[ζ p ]C 2 ), of the locally free classgroup Cl(Z[ζ p ]C 2 ) when 2 is inert in K over Q and h + p = 1, (that is, when the class number of the maximal real subfield is one-see the beginning of Section 2 for a definition). We will explicitly compute the Swan subgroup T (Z[ζ p ]C 2 ) for those primes p such that 3 ≤ p ≤ 66 satisfying our conditions.
In the rest of this introduction we provide background on Swan subgroups, outline their application to the question of Hilbert-Speiser number fields, and state our main results. The rest of this article is divided into two parts. In Section 2 we reduce the question to one suitable for the computer. In Section 3 we give the result of the computation for several primes p applying this to the question of Hilbert-Speiser number fields. Section 2 is based on parts of the second chapter of the thesis of the second author [5] . The calculations in Section 3 are derived from [3] of the first author.
Let Λ denote the order
for G a finite group of order n. For each r ∈ O K such that (r, n) = 1 we may define the Swan module r, Σ = rΛ + ΛΣ where Σ = g∈G g. It can be shown (see [1] or [9] , for example) that Swan modules are locally free, rank one, Λ-modules and hence determine classes in the locally free classgroup Cl(Λ [G] . Let and denote the augmentation and induced augmentation maps, respectively, and let φ and φ denote the canonical quotient maps. With this, consider the fiber product:
The result in [4] , applied to the case when G is abelian of order n, is that there is an exact Mayer-Vietoris sequence
where for any ring S we denote its group of multiplicative units by S * . We define the two maps h and δ.
where Im denotes the image under the map h.
This description of the Swan subgroup is both powerful and limited at the same time. It is powerful because it does describe the Swan subgroup in terms of ring theoretic information. However, it is limited as O K , O K * , and Γ * are rarely computable. More precisely, the computation of these objects is in itself a separate algebraic number theoretic question. For the group of order two, the following result from [8] , which we state as a lemma, removes the Γ * term. This result follows from the fact that, for the group of order two,
is isomorphic to a quotient ring of a polynomial ring. Restricting to when h + p = 1 allows one to work with a computationally convenient set of units. We see precisely under these restrictions the Swan subgroup T (Z[ζ p ]C 2 ) is readily computable by computer analysis. Specifically, letting F 2 denote the field of two elements, we state our first main result.
is cyclic, where Φ p (z) is the pth cyclotomic polynomial and z + 1 and z are the ideals generated by the polynomials z + 1 and z in
We note (see Lemma 5) that we will show that the restrictions 2 being prime in Z[ζ p ], and h A number field K will be said to be Hilbert-Speiser if each finite tame abelian extension N/K has a trivial Galois module structure. That is, K is Hilbert-Speiser if O N is a free Λ-module whenever N/K is a finite tame abelian Galois extension of number fields with Galois group Gal(N/K) ∼ = G. The classical Hilbert-Speiser theorem asserts that Q, the rationals, is such a field. In [2] Swan modules and tame elementary abelian extensions are considered to derive conditions a HilbertSpeiser field must satisfy. Let S = O K and for each prime l let S = S/lS and 
This theorem is used to show that if K is any algebraic number field other than Q, then K is not Hilbert-Speiser [2, Theorem 2] . This is proved by a Galois theoretic argument showing for each algebraic number field other than Q that there is an odd prime l such that condition (ii) is violated. Our interest in this fact is that upon performing the computation for the primes in List 2 we will obtain a proof of the following corollary, our second main result, by violating condition (iii). 
Reduction to computation
If K is a CM -field, then one usually denotes by K + its maximal real subfield. Of course, cyclotomic fields K = Q(ζ n ) for any positive integer n > 2 are CM and
Denote the class number of K + by h + n . Here and throughout rest of the text, let φ be the usual Euler φ function. It is known that h + n = 1 when n is a prime power and φ(n) ≤ 66 or if n is not a prime power and both n ≤ 200 and φ(n) < 162. Stronger statements are possible if one assumes the Generalized Riemann Hypothesis. For other results see for example the appendix of [10] from which these remarks were taken. We note that in general to compute cyclotomic Swan subgroups, it is natural to put restrictions on h p or use p-adic L-functions. See [6] and [7] for example.
Proof. Since we have assumed 2 is inert,
, where µ is the root of a polynomial of degree p − 1 which is irreducible over F 2 [z], as Φ p (z) is irreducible of degree p − 1, the result follows.
By the remarks in Section 1 we know we wish to focus on when h Proof. From the appendix in [10] one knows for p prime and 2 ≤ p ≤ 66 that h + p = 1. Hence we show that those primes in this interval for which 2 is inert are those precisely in List 2. Let K = Q(ζ m ), ζ m be a primitive mth root of unity, and We note that the proof of this corollary in this manner is in the spirit of [8] . That is, the corollary of [8, Theorem 1] gives V 2 is nontrivial for all imaginary quadratic fields of class number 1 except Q( √ −1), Q( √ −3), and Q( √ −7). Thus they obtained, in effect, that these three fields were the only possible Hilbert-Speiser imaginary quadratic fields.
